An extensible shearable elastica is a rigorous mathematical model of the Timoshenko beam, of which the cross-sections remain planar, but not necessarily normal to the beam axis after deformation. First, the principle of virtual work for the extensible shearable elastica expressed in terms of the extensional and shear strains of the axis and the rotation of the cross-section in Engesser's approach is derived from the virtual work in three-dimensional solid mechanics. Then, utilizing linear constitutive equations between generalized stresses and strains, we derive the principle of stationary potential energy, also expressed in terms of the extensional and shear strains and rotation. Finally, from the criterion of Trefftz on the second variation of the potential energy, we obtain the buckling equations for the extensible and shearable elastica, which show the effect of the axial and shear stiffness on the buckling load for a cantilever elastica subjected to compressive end load.
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Introduction
The theory of elastica deals with large deformation of an elastic beam after buckling under compression load. One of the authors (Kondo) derived the variational principles of elastica in his 2004 paper. 1) Kondo extended the theory to extensible elastica which includes the effect of axial stiffness.
2) The extensible elastica is a rigorous mathematical model of the Bernoulli-Euler beam, of which the cross-sections remain planar and normal to the beam axis after deformation. Kondo derived the variational principles expressed in the extensional strain and rotation of the beam axis. 2) An extensible shearable elastica is a rigorous mathematical model of the Timoshenko beam, of which the cross-sections remain planar, but not necessarily normal to the beam axis after deformation. Since sandwich columns, laced columns, and battened columns have small axial and shear stiffness relative to the bending stiffness, the extensible shearable elastica theory is necessary to derive the buckling load and analyze the behavior after the buckling of these columns.
The present paper extends the extensible elastica theory further to include a transverse shear effect. In the elastica theories, the stresses working on a cross-section of the beam are integrated to represent the stress condition as three parameters: axial force, shear force and bending moment. There are three types of approaches to define the resultant axial and shear forces working on beam cross-sections after deformation.
3) They are Engesser's approach, Haringx's approach and Timoshenko's approach. In Engesser's approach, the resultant force on the cross-section is decomposed into the direction of the beam axis and direction parallel to the deformed cross-section. In Haringx's approach, the resultant force is decomposed into the directions normal and parallel to the deformed cross-section. In Timoshenko's approach, the resultant force is decomposed into the directions parallel and normal to the axis of the beam (See Fig. 1 ). Atanackovic summarizes the derivations of the governing equations of extensible and shearable elastica according to the three approaches in his book, 3) but the process of the derivations is not unified between the three approaches.
One of the purposes of this paper is to present a unified derivation process of governing equations and variational principles of extensible and shearable elastica applying Engesser's approach. The process can be applied to the other approaches. The general form of equilibrium equations and boundary conditions for extensible shearable elastica are derived from the principle of virtual work. The general form of the principle of stationary potential energy of extensible shearable elastica is also shown.
Another purpose is to compare the buckling load equations of columns with small shear stiffness.
In applying Engesser's approach, equilibrium equations and boundary conditions expressed by resultant forces and bending moment are obtained. The theorem of potential energy is also obtained. Finally, the buckling equations are obtained. Effects of axial and shear stiffness on buckling load are investigated, and the buckling load equation is compared with the equations in other studies.
Formulation for Variational Principle of Extensible Shearable Elastica
Expression of the finite strain is obtained from deformation of the beam axis. Next, the principle of the virtual work for extensible shearable elastica is derived. Then, the principle of stationary potential energy for the elastica is obtained.
4)

Deformation and strain
An initially straight, extensible shearable elastica in the xz plane is subjected to body force p on the unit volume of the undeformed beam and surface force f on the unit surface area of the undeformed beam, as shown in Fig. 2 . A point before deformation, which is located at Eq. (1), moves to a new point in accordance with the Timoshenko hypothesis, which means that plane sections in the undeformed state remain planar in the deformed state (See Fig. 3) .
The new position is expressed as
The displacement vector u x; z ð Þ is as follows.
where u 0 x ð Þ is the displacement vector of the beam axis. Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 5, 2017
The base vector on the deformed beam axis is expressed using the rotation of the axis 0 x ð Þ and the angle between the normal line of the plane of the cross-section and the axis of the beam x ð Þ.
where
It is assumed that the cross-section of the beam does not deform in the z-direction. The contravariant vectors are as follows.
Then,
From Eqs. (5) and (7),
Additionally, from Eqs. (5) and (7), using the expression of dð Þ=dx ¼ ð Þ 0 ,
From Eqs. (2), (9) and (11), the base vector at z ¼ z after deformation is
From Eqs. (12), (5) and (7),
The Green strain tensor is expressed as follows.
Non-zero components among the components of the Green strain tensor are
Stress
The stress vector acting on the cross-section of x ¼ x is expressed using Kirchhoff stress s ij and Eq. (12), 
. Deformed geometry of extensible shearable elastica.
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Principle of virtual work
(1) Internal virtual work Internal virtual work W i is as follows.
where A is the cross-section of the beam before deformation. (2) External virtual work External virtual work W e is as follows.
where C
is the boundary of the beam cross-section before deformation.
From Eqs. (3), (5) and (7),
Substituting Eq. (19) into Eq. (18), we obtain,
where,
Equation (21) expresses the external forces shown in Fig. 4 . The relationship in the displacements at both ends is as follows.
The equilibrium of the external forces is expressed as follows.q
Substituing Eqs. (22) and (23) into Eq. (20), external virtual work is expressed as follows.
(3) Principle of virtual work Principle of virtual work is expressed as follows.
Principle of stationary potential energy
Equating the internal virtual work and the variation of strain energy U, we obtain the following equation.
Thus, the principle of stationary potential energy is obtained from Eqs. (17) and (24).
This expression is based on the assumption that the external forces do not change the direction in accordance with the deformation of the beam.
Note that all equations above are applicable in the three approaches: Engesser, Timoshenko and Haringx.
Engesser's Approach
Generalized stress and strain in Engesser's approach
The stress vector acting on a cross-section is decomposed in the direction of Engesser's approach (G x0 and G z0 ), and Eq. (9) is substituted into it. Then, we obtain the following equation. Fig. 4 . External forces acting on extensible shearable elastica after deformation.
Equating Eq. (29) and Eq. (16), we obtain the following equations.
Substituting Eqs. (15) and (30) into Eq. (17), we obtain the equation of the internal virtual work as follows.
N x ; M y ; Q z are the generalized stresses in Engesser's approach. The generalized strains corresponding to the generalized stresses are as follows.
These generalized strains express the deformation of the beam axis.
Principle of virtual work
From Eqs. (4), (9) and (10), we obtain,
Using Eq. (35), the variation of Eq. (34) is,
Substituting Eq. (33) into Eq. (36), we obtain,
Substitute Eq. (37) into Eq. (24), the external virtual work is expressed as 
The internal virtual work, Eq. (31) and the external virtual work, Eq. (38), are substituted into Eq. (25), and we obtain the principle of virtual work expressed by the generalized stresses and strains of Engesser's approach as follows. 
Equation of equilibrium and boundary condition
Substituting the following equation into Eq. (39),
we obtain, 
where n x is the x-component of a unit normal vector on the cross-section before deformation. n x ¼ À1 at x ¼ 0, and n x ¼ 1 at x ¼ l 0 . Since " x0 ; xz0 , and 0 À À Á are arbitrary in Eq. (40), the following equations are obtained.
and M y n x ¼m y ; at x ¼ 0 and
Equation (41) is the rigorous equilibrium equation, and Eq. (42) is the mechanical boundary condition. From the second and third formulas of Eq. (41), we obtain the following expression.
This equation means the equilibrium of moment of an infinitesimal element, as shown in Fig. 5 .
Constitutive equations
A macroscopic stress-strain relationship is assumed as follows.
where E is Young's modulus, G is shear modulus, I is moment of inertia of the cross-section, and k is the shear correction factor.
Note that constitutive equations are arbitrary in the formulation and any relationship can be assumed. The linear relationship, Eq. (44), is used in this paper because it is the simplest relationship between the generalized forces and generalized strains. The constitutive equation is important, as Bažant showed in his 2003 paper 5) that both Haringx-type and Engesser-type buckling load equations can be derived from the same basic equation using different constitutive relationships.
Principle of stationary potential energy
From Eqs. (26), (31), and (33), the variation of strain energy is expressed as follows.
Using Eq. (44), we obtain,
Substitute Eqs. (34) and (47) into Eq. (28),
Finally, from Eq. (25), we obtain the following equation.
Equation (48) is the potential energy based on Engesser's approach, and Eq. (49) is the principle of stationary potential energy.
Buckling equations
Buckling equations are derived from the criterion of Trefftz, which set the first variation of the second variation of Eq. (48) to zero.
The variation of the potential energy with respect to " x0 , 0 À À Á , xz0 is expressed as:
The second variation 2 Å En is obtained as follows. 
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This is the criterion of Trefftz. Since
are arbitrary values, the following buckling equations and boundary conditions are obtained.
Buckling Load of Cantilever Beam Using Engesser's Approach
Compressive load P is acting on a straight beam with one end fixed and the other end free, as shown in Fig. 6. 
Buckling equation
The external load is
The deflection before buckling is
Substituting Eqs. (55), (56) and (57) into Eq. (53), the following equations are obtained.
EA" x0 ¼ 0 
The boundary condition is
A general solution of Eq. (59) is expressed as follows.
Equation (61) is substituted into Eq. (59) to obtain,
where Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 5, 2017 Atanackovic derived a buckling equation from the equilibrium condition of an infinitesimal element (Eq. (3.3.41) in his book 3) ). The equation (i.e., Eq. (68)) is slightly different from Eq. (59), because Atanackovic used the assumption of P E =EA ( 1 to derive Eq. (68).
Conclusions
(1) The principle of virtual work for the extensible shearable elastica expressed in terms of the extensional and shear strains of the axis and the rotation of the cross-section is derived from virtual work in three-dimensional solid mechanics. Timoshenko's hypothesis is used in the derivation. The principle of stationary potential energy is also derived.
(2) Applying Engesser's approach to decompose the force acting on the cross-section, generalized stresses (axial force, bending moment and shear force) and strains (extension and curvature of axis, and shear angle) are derived. After deriving the principle of virtual work in terms of the generalized stresses and strains, exact equilibrium equations and boundary conditions are obtained.
(3) Utilizing linear constitutive equations between generalized stresses and strains, we also obtain the principle of stationary potential energy expressed in terms of extension, curvature and shear angle.
(4) From the criterion of Trefftz on the second variation of potential energy, we obtain the buckling equations for extensible and shearable elastica, which include the effects of axial and shear stiffness on buckling load.
(5) The buckling equation for a cantilever beam subjected to compressive end load is derived. It is shown that the equation is a generalized form of the buckling equations reported by other researchers. The buckling load equation is applicable to sandwich beams, laced beams and battened beams that have small transverse shear stiffness.
(6) The process for deriving the equations in this paper can be applied to other approaches, including Haringx's 10, 11) and Timoshenko's. Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 5, 2017
